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Preference Models with Interaction of Criteria

Multicriteria Decision Making:

@ set of criteria N ={1...n};
@ alternatives x = (x1, ..., Xn);
@ x; utility of x w.r.t. criterion i, for i =1,..., n.

@ preference model : x o y <= F(x) > F(y)

Need for interactions to model natural preferences
The preference for balanced solutions can not be modeled with a weighted sum:

@ (0.5,0.5)>(0,1) and (0.5,0.5)(1,0) for F(x) = >, wixi + ], x; or
F(x) =3, wixi + min;{x;}.
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Challenge: combinatorial complexity

n criteria = 2" — 1 possible interactions
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K-additivity

Descriptive limit: discards simple but n-additive models
@ F(x) = min;{x} (egalitarian criterion);
@ F(x)=amini{x}+ (1 — a)maxi{x} ([Hurwicz, 1951]).

= = = Ty
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Our approach: sparse interactions
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Preference Models with Interaction of Criteria

Multilinear model [Keeney et al., 1993]

ML, (x) = Z S)Hx,H(l—x,

SCN i€S ¢S

Choquet Integral [Schmeidler, 1989]

Co(x) = X0 [v(X) = v(Xi+)] %0
= Z = X, 1) V(X )

(-) such that X(iy < X(i+1) and X(,-) ={(),...,(n)}, i=1...nwith X0) =0, X(,,+1) = 0.)

Capacity

A capacity is a function v : 2" — [0, 1] such that v(#) = 0 and v(N) = 1.
v is monotonic w.r.t. set inclusion if VT C S, v(T) < v(S).
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Mobius representation

Mobius transform

VSN, m(S) = (-1)"\TIv(T)

TCS

Multilinear model

ML, (x) = 25gN my(S) [TiesXi (1)J
Choquet Integral
Co(x) = sy mv(S) minjes{xi} conjunctive form (2)
Co(x) = sy mo(S) maxies{xi} disjunctive form (3)

with v : S — v(N) — v(N\S).
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Sparse Mobius representation

For any monotonic capacity v, ||[my|lo < ||v|lo (||-]|o : number of non-null coefficients) )

Let N = {1,2,3} and v, v defined on N by:

S 1 2 3 1,2 1,3 2,3 1,23
v(S) 01 02 03 03 04 05 10
m,(S) 01 02 03 00 00 00 04

Cv(x) = 0.1x1 + 0.2x2 + 0.3x3 + 0.4 min{x1, x2, x3}

S 1 2 3 1,2 1,3 23 1,23
v(S) 05 06 07 07 08 09 10
m,(S) 05 06 07 -04 —04 —04 04
my(S) 01 02 03 00 00 00 04

Cv(x) = 0.1x1 + 0.2x, 4+ 0.3x3 + 0.4 max{x1, x2, x3 }
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General model

@ MLy(x) = (my,d(x))  with ¢(x) = ([T;cs{xi})scwn
@ Cy(x) = (my,¢(x))  with &(x) = (minies{xi})scn
@ Ci(x) = (my,o(x))  with ¢(x) = (maxies{xi})scn

F(x) = > ms¢s(xs) = (m, (x))

SCN
where m = (ms)scy and ¢ : R" — R* maps x into a nonlinear feature space such that

#(x) = (#s(xs))scn-

Contribution: a faster and more scalable algorithm to learn sparse Mobius
representations m from preference examples, without prior complexity reduction
like k-additivity constraints.
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Learning Problem

{(x',y)ea?:x' =y ieP}
{(X,yh)eax? X'~y iel}

A > 0: regularization hyper-parameter;

6 > 0: discrimination threshold;

L; Regularization

(P) min Sicpei+ Xl +e) + A0, Imjl
(m, ¢(x')) — (m, o(y")) + €& >0, i€ P
(m, ¢(x)) — (m,¢(y)) +¢ —e =0, i€l
(m,1) =1
€>0,i€P, ¢, >0,i€el

1
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Linear programming

(P) min Z;ep€i+2;e,(€7 +57r)+)‘2f:n+1|mj|

(m, ¢(x)) — (m,p(y)) +e >0, i€ P (4)
(m,¢(x) — (m,p(y)) +€& —¢ =0, i€l (5)
(m1) =1 (6)
&>0,icP, ¢, >0,i€l (7)

< min Ze;—l—z(ei_—i-ef)—i—)\Z(Wf—l—wj_)
icp icl j>n

P +_
mj=w; — W,

w w >0, j=n+1,...,2"

st. (4),(5),(6),(7)

. j=n+1,...,2"
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Iterative Reweighted Least Square (IRLS)

Consider the IRLS sequence m) initialized with m©® = 1 such that:

m*™) ¢ argmin Z €+ Z(e,-_ +€h) —|—Z )\J(-k) m?
icP i€l j>n

s.t. (4),(5),(6),(7)

P refers to the problem solved at each iteration.

Then m**Y) converges towards the solution of P in the sense that:
limy_ oo J(m(k+1)) — J* < (2" — n)n where J is the objective function of P and J* its
optimum, and 7 is a smoothing parameter.

Interest: Py admits a dual formulation Dy which has |P| + |/| + 1 variables and
2(|P| + |1]) constraints.
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How does IRLS work?

Variational formulation of the L;-norm [Bach et al., 2012]

2
. my;
Yjsalmil =z minso 35, (5 + 2)

(P) minzzome icp€it+ Yiei(e +€)+ 3 Zj>n(r:TJ-2 + z)
(m, ¢(x)) — (m, ¢(y")) + e >0, icP
(m, ¢(x')) — (m, ¢(y")) + ¢ —e; =0, i€l
(m, 1) =1
>0, i€P, ¢, >0,i€l

& Mming; H(m,z) = gi(m) + g(z) + f(m, z)

m2
f(m,2) =535.,(5 +32)
with 0 g1(m) = 3,cp(6 — (M, 8) 1 + X, [(m, 87)| + 1gm1)=1y
&(z) =1lu>n
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Alternating minimization algorithm

(Pn)  minm, Hy(m,2z) = gi(m) + g2n(2) + fy(m, 2) (Surrogate problem)
Algorithm (Convergence in O(1/k) [Beck, 2015])
m® =1
2" ¢ argmin g2, (2) + f,(m", 2) (8)
m“*V € argmin g1(m) + £, (m, 2"V) (9)

First step (8) & zj("“) — mj(_k)z N
= m&t ¢ argmin Ze,— + Z(ff + €I+) +Z )\J(k)m?
icp icl i>n
. A
st. (4),(5),(6),(7) with \¥) =
mj(-k)2 +n?

limy— 0o J(mEHD) — J* < (2" — n)n where J is the objective function of P and J* its
optimum, and 7 is the smoothing parameter

™ = - = = ye:
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Efficient dual formulation for |P| + |I| << 2"

Kernel trick

Pr admits a dual formulation Dy which has |P| + |I| 4+ 1 variables and 2(|P| + |/])
constraints.

Toy example (|P| = 3,n =5)

3 32 3
(Px) mme]krgzge,- —|—Z )\J(.k)mf (Dx) o‘renlgx Z o6 Dt
(m,6(x')) — (m,6(y")) + &1 > § with 8" = ¢(x') — (')
(m, (x*)) — (m, (y*)) + €2 > § and D = diag(\)Z,)
(m, $(x*)) — (M, p(y*)) + e3> 6
€1,62,€3 > 0
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Preference Kernel

First iteration:

6iTDk_16j — 6iT5j

= ((x), d(x)) + (B(y"), B(¥)) — (d(x), B(¥)) — (#(¥'), p(x'))
Multilinear kernel

n

(¢(x), (<)) = S T ] = [Joex + 1)

SCNies ies i=1
o

Choquet kernel [Tehrani et al., 2014]

n—1 n—i o

(P(x),0(x")) = (x,x") + ZX(,') {22"” - min {X(/i)vx[,jJrl],-}}

i=1 =1
where (.) is a permutation of N such that x(;y < x(;41) and [.]; are permutations sorting
each vector (X(j;1), - - -, X(») by increasing order.

v
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Numerical tests on synthetic data (Choquet Integral)
@ n=4,...,22, |P|+|/| =500, 10 simulations
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Numerical tests on

synthetic data (Multilinear model)
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Enforcing monotonicity

Monotonicity constraints
ZTQS,TaimT >0, Vie S,VSCN J

@ Exponential number of constraints (C(n) = >_,_, k(})) = dual problem with an
exponential number of parameters.

@ Direct solving of the problem using constraint generation: in practice a small
fraction C(n) of the monotonicity constraints are needed to reach the optimal
solution of the fully constrained problem.

n  C(n) C(n) Time ESG Time ESC

6 3.21+6.4 192 0.6+0.2 0.6+0.1

9 2.44+7.2 2304 4.2+1.9 18.0+4.6

12 151.94222.2 24576 61.01+-30.4 1212.6+247.6

15 2777.6+4326.5 245760 3448.61+5613.1 -

Table: C(n),C(n) and training times for ESG and ESC.

ESG: Exact solving with constraint generation, ESC: Exact solving fully constrained.
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Hybrid models  F(x) = 3" msos(xs)

SCN
F(x) = Y msds(xs) + msdi(xs) ?
sCN
Hybrid form of the Choquet Integral

v=v"+v'Y = C(x) = Ca(x) + Cv(x)
= C(x) = ZSgN(va (S) minies{xi} + myv (S) maxies{xi})

v

1

Recovering the Hurwicz model (F(x) = 3(minjen{x} + maxien{x;}))

—— myMN)

All coefficients

35 30 35 20 -15 -i0 05 00
log10(A)
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Conclusion

@ Approach to learn a large class of capacity-based decision models;
@ Sparsity pattern learned from data (no cardinality-based restriction)

@ Applies to instances possibly involving more than 20 criteria (millions of possible
interactions)

Perspectives
@ Learning the interaction shape in a predefinite set {]], min max};

@ Learning general shape: application to GAl models.
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@ g1, g are closed proper convex (lower-semi continous) functions sub-differentiable
over their domains dom g1 and dom g

@ f is convex and continuously differentiable over dom g3 x dom g»

@ V.f Lispschitz continuous

Theorem 3.2. Let {xy}r>0 be the sequence generated by the alternating minimization method.
Then for any k > 1

oo e 2
Hixe) — H < 3 max{H (xo) HkAnnn{LlALg}R } (3.14)
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